is well-defined on (0, T), i.e., the integral on the right is finite. (See Tahara [7].)
, then we can find a unique solution $u$ also defined on Q.
1Introduction and Result
Denote by $\mathrm{N}$ the set of nonnegative integers, and let $(t, z)=(t, z_{1}, \ldots, z_{n})\in$ $\mathbb{R}\cross \mathbb{C}^{n}$ . Let $R>0$ be sufficiently small, and for $\rho\in(0, R]$ , let $B_{\rho}$ be the polydisk { $z\in \mathbb{C}^{n}$ ; $|z:|<\rho$ for $i=1,2$ , $\ldots,n$ }. is well-defined on (0, T), i.e., the integral on the right is finite. (See Tahara [7] .) Consider now the linear partial differential operator $\mathcal{P}=(tD_{t})^{m}+\sum_{j=0}^{m-1}\sum_{|\alpha|\leq m-j}a_{j,\alpha}(t, z)(\mu(t)D_{z})^{\alpha}(tD_{t})^{j}$ . (1.2) Here, $D_{t}=\partial/\partial t$ and $D_{z}=$ $(\partial/\partial z_{1},$ Their method has been applied and extended to various cases as can be seen, for example, in Tahara [6] , Mandai [5] and Yamane [8] .
In aprevious paper [4] , the author proved existence and uniqueness theorems similar to those given in [1] , but for general $\mu(t)$ . Essentially, he proved the following unique solvability result. We remark that although $f(t, z)$ , viewed as afunction of $z$ , is defined on $B_{R}$ , the existence of the solution $u(t, z)$ is only guaranteed up to $B_{\rho}$ , with $\rho<R$ . Moreover, any two solutions of $Pu=f$ can only be shown to coincide in a neighborhood of the origin which is smaller than the neighborhood on which the two are defined.
In this paper, we shall present aformulation leading to an existence and uniqueness result sharper than the one given above. The result is sharper in the sense that the solution $u(t, z)$ of the equation Pu $=f$ will now have the same domain of definition as the inhomogeneous part $f(t, z)$ .
To proceed, we will need the following definitions. The next lemma is useful in evaluating some integral expressions in the proof.
Lemma 3. Let $k$ be natural number. Then the following equalities hold:
The first equality is obvious. The second can be proved by reversing the order of integration and recalling that $t\varphi'(t)=\mu(t)$ .
To estimate the derivatives with respect to $z$ , we have the following lemma. Then we have $||D_{z}^{\alpha}v||_{\rho} \leq\frac{Ke^{|\alpha|}(c+1)_{|\alpha|}}{(R-\rho)^{c+|\alpha|}}$ for every $\rho\in(0,R)$ . (2.8) In the above, we define $(c)_{p}=(c)(c+1)\cdots(c+p-1)$ .
3Proof of Main Theorem
Let $f$ be any element of $\mathcal{K}_{0}(\Omega_{T_{0}}[\gamma_{0}])$ . Here, the constants $T_{0}>0$ and $\gamma_{0}>0$ satisfy some conditions which will later be specified. For convenience, we will drop the subscript in both and instead use $T$ and $\gamma$ ;we will again use the subscript upon stating the conditions that these constants need to satisfy We can easily see that $||v_{0}(t)||_{\omega_{t}}$ is bounded by $KL^{-m}$ for any $0\leq t\leq T$ . The expression above can be expanded using Lemma 2, and thus obtain afinite sum whose number of terms is less than $(mJ)^{k}$ , where Thus, the integral I can now be estimated as follows:
. (3. 8) Let $d=m+i_{1}+\ldots+i_{k}$ and $b=|\alpha_{1}+\ldots+\alpha_{q}|$ . Note that $b\geq q$ . Since for each $p$ , we have $|\alpha_{p}|\leq m-j_{p}\leq i_{p}$ , and using the fact that both $\varphi(t)$ and $\mu(t)$ are increasing on $(0, T_{0})$ , we have
By (a) of Lemma 3, the second integral is equal to $L^{-d+b+1}$ . Thus, the above simplifies into $||I||_{\omega_{t}} \leq K(CD)^{q}\delta^{k-q}(\frac{e}{\gamma})^{b}L^{-d+b+1}b!$ $\cross\int_{0}^{t}\int_{0}^{\xi_{b}}\ldots\int_{0}^{\xi_{1}}\frac{\mu(\xi_{b})}{\xi_{b}}\cdots\frac{\mu(\xi_{1})}{\xi_{1}}(\frac{\xi_{0}}{t})^{L}\frac{\xi_{0}^{-1}}{[\varphi(t)-\varphi(\xi_{0})]^{b}}d\xi_{0}\cdots d\xi_{b}$ . (3.15) The last integral is equal to $(Lb!)^{-1}$ , by (b) It follows that the series This means that $u_{k}(t)$ converges uniformly to $u(t)$ on $\Omega_{T_{0}}[\gamma_{0}]$ .
By following the steps above, we can also show that for $1\leq p\leq m-1$ , the sequence $(tD_{t})^{p}uk(t)$ converges uniformly to $(tD_{t})^{p}u(t)$ on $\Omega_{T_{0}}[\gamma_{0}]$ . Thus, it follows that on acompact subset of $\Omega_{T_{0}}[\gamma_{0}]$ , the sequence $D_{z}^{\alpha}(tD_{t})^{p}u_{k}(t)$ converges to $D_{z}^{\alpha}(tD_{t})^{p}u(t)$ . This implies the convergence of the approximate solutions to the true solution $u(t)$ .
Uniqueness may be proved in asimilar manner.
